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The f i r s t - o r d e r  function an<,l the s e c o n d -o rd e r  energy  of a pe r tu rb a t io n  theory  p roposed  by the p r e s ­
ent au thor  a r e  evaluated  fo r  II2 - by m eans  of a H y lle raas  var ia t ion  p r inc ip le  adapted to th is  theory .  It 
is found that thus a con s id e rab le  im provem ent of the wave function and the ene rgy  re sp ec t iv e ly  is ob­
tained. The im por tance  of s e c o n d -o rd e r  exchange fo rc e s  is obse rved .  The Unsold approx im ation  for  the 
s e c o n d -o rd e r  energy  is tes ted .
Form ulating a perturbation method to calculate  
in term olecu lar  in teractions leads to sp ec if ic  d if­
f ic u lt ie s ,  e .g . ,  an eigenfunction of the unperturbed  
operator, / /0 , which is  the sum of the m olecular  
op erators , is  a very poor starting function for 
the perturbation theory, as it does not have the 
d es ired  sym m etry  properties;  the sym m etr ized  
product of m olecular eigenfunctions i s  not an 
eigenfunction of II0 .
A way of dealing with these d iff icu lties  is  ap­
plication of the wave operator theory as modified  
by the present author for the case  of in term o lec ­
ular interactions [1 ,2 ] .  This theory s ta r ts  from  
the sy m m etr ized  product of m olecular or atom ic  
functions -  the z e r o -o r d e r  energy being the sum  
of m olecu lar or atom ic e n e r g ie s  -  and y ie lds  
s u c c e s s iv e  co rrec t io n s  to the wave function and 
the binding energy of the com plex as  term s  in a 
perturbation s e r ie s .  All perturbed functions are  
orthogonal to the starting function and have the 
proper sym m etry .
To test this theory it is  applied to the s im p lest  
ca se  of in teratom ic interactions: the low est two 
s ta tes  of H2 - The unperturbed function is  given as
i//0 =Acp 0
where ci>0 =l.s-a ( l)  = n 2 e x p ( -r a j) , A = j ( / ±  P ^ ) ,  
+ for the la g  sta te , - for the lcru state.
The f ir s t -o r d e r  interaction  energy
e i =
(<p0 A V \ w p) 
<<*0 ^  ' 0o>
with
V =
1
R ab
1
r bl
1
which is  a lso  the resu lt  of a m olecu lar  orbital  
calculation with i/'m.O. = ± s^ b(^> e a s i ly
evaluated.
The seco n d -o rd er  energy
e 2 =
( 0 Q V P R oP V \ 0o)
where
P  = A  -
A  w o) ( 0 o A
(<p 0 \a  :</>0 ) and O ~~ 77 r>A’ ^0 £0 E k
(<P0 anc  ^ are e igenfunctions of HQ), can be
approxim ated to any required  d egree  of accu racy  
by a modified H ylleraas variation  p r incip le  [3| 
(see  a lso  [4 |). A ssu m e an arb itrary  function cp 
and consider the functional
W = 1
(<P0 \A 0 O)
x
x [(<*> H0 - E 0 10 ) + (0 \ P  V0 O) + ( P  V0 O 1 0 )) .
* P r e s e n t  a d d re s s  
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It is  proved, substituting 0 = R 0PV a>0 + 6 , that
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Table 1 
l(jg-state
R
(«o)
6 9 (a.u.)
***
E - E 0 (a.u.)
nm ax  -  
(2)
3
(5)
4
(9)
5
(14)
6
(20)
7
(26)
2
(2)
3
(5)
4
(9)
5
(14)
6
(20)
7
(26)
0.5 -0.3347 -0.3468 -0.3510 -0.3528 -0.3536 -0.3541 0.8620 0.8988 0.8906 0.8873 0.8847 0.8720
1.0 -0.1646 -0.1878 -0.1921 -0.1933 -0.1941 -0.1946 0.0753 0.1131 0.1034 0.1012 0.1001 0.0993
1.5 -0.0767 -0.0981 -0.1005 -0.1018 -0.1025 -0.1029 -0.0729 -0.0555 -0.0595 -0.0609 -0.0618 -0.0622
2.0 -0.0363 -0.0512 -0.0534 -0.0546 -0.0551 -0.0553 -0.0962 -0.0928 -0.0932 -0.0944 -0.0948 -0.0950
2.5 -0.0183 -0.0271 -0.0298 -0.0306 -0.0309 -0.0311 -0.0884 -0.0900 -0.0897 -0.0906 -0.0908 -0.0910
3.0 -0.0104 -0.0148 -0.0177 -0.0182 -0.0185 -0.0186 -0.0733 -0.0754 -0.0757 -0.0761 -0.0763 -0.0764
3.5 -0.0068 -0.0087 -0.0112 -0.0117 -0.0119 -0.0120 -0.0576 -0.0590 -0.0598 -0.0600 -0.0602 -0.0603
4.0 -0.00491 -0.00569 -0.00744 -0.00796 -0.00817 -0.00823 -0.0437 -0.0455 -0.0453 -0.0454 -0.0456 -0.0457
5.0 -0.00267 -0.00308 -0.00356 -0.00406 -0.00418 -0.00425 -0.0230 -0.0235 -0.0238 -0.0240 -0.0241 -0.0241
6.0 -0.00136 -0.00174 -0.00182 -0.00204 -0.00218 -0.00222 -0.01103 -0.01445 -0.01153 -0.01163 -0.01171 -0.01176
7.0 -0.00067 -0.00092 -0.00096 -0.00101 - 0 . 0 0 1 1 1 -0.00115 -0.00502 -0.00530 -0.00535 -0.00537 -0.00542 -0.00546
Table  2 
l(Ju-state
R
(o o)
/V
£9fed (a.u.) É - E 0 (a.u.)
nm ax  ~ 2 
(2)
3
(5)
4
(9)
5
(14)
6
(20)
7
(26)
9—d
(2)
3
(5)
4
(9)
5
(14)
6
(20)
7
(26)
1.0 -0.0511 -0.0750 -0.0843 -0.0878 -0.0900 -0.0920 0.9665 0.9485 0.9423 0.9404 0.9397 0.9390
1.5 -0.0114 -0.0174 -0.0188 -0.0195 -0.0203 -0.0208 0.5546 0.5487 0.5475 0.5471 0.5466 0.5463
2.0 -0.00222 -0.00367 -0.00388 -0.00406 -0.00422 -0.00434 0.3357 0.3340 0.3337 0.3336 0.3335 0.3334
2.5 -0.00026 -0.00069 -0.00078 -0.00081 -0.00084 -0.00086 0.20896 0.20834 0.20824 0.20822 0.20819 0.20818
O00 - 0 . 0 0 0 0 1 -0.00021 -0.00033 -0.00037 -0.00038 -0.00038 0.13241 0.13211 0.13201 0.13199 0.13198 0.13198
3.5 - 0 . 0 0 0 1 1 -0.00023 -0.00036 -0.00044 -0.00046 -0.00046 0.08487 0.08470 0.08459 0.08455 0.08453 0.08453
4.0 -0.00022 -0 .00030 -0.00040 -0.00053 -0.00056 -0.00057 0.05478 0.05466 0.05458 0.05451 0.05449 0.05448
en • o -0.00029 -0.00034 -0.00037 -0.00052 -0.00056 -0.00059 0.02298 0.02291 0.02289 0.02280 0.02277 0.02275
6.0 -0.00027 -0.00030 -0.00031 -0.00038 -0.00046 -0.00048 0.00957 0.00953 0.00952 0.00946 0.00943 0.00941
7.0 -0.00021 -0.00023 -0.00025 -0.00027 -0.00033 -0.00036 0.00390 0.00387 0.00385 0.00383 0.00380 0.00378
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W  ^ e 2 > the equality sign only holding if  cp =
= R 0PVcp0 + h(p0 - M inimizing W  y ie ld s  both an 
approxim ate secon d -ord er  energy. e 2 , and f ir s t -
order function = ^<Pmin ~  ^  ^
In this calculation cp i s  expanded as a linear  
combination of atom ic orb ita ls  of the form
?2 (Unsold) =
<Pnlm = Y F ( e ’ r t  -
where
3
22
Rnl(-r '1 (n + l + 1)
l / (” - r~ D! /or \Z j2l+2 (r, \ -r
! K (» + * + !)! (27) L« + ^ l (2 ,)e  -
F^(0 ,<p) are sp h er ica l harm onics , and L (2 r )  are  
a sso c ia te d  Laguerre polynom ials.
Compared with the hydrogen atom ic e ig en ­
functions, these orb ita ls  have the advantage that, 
without including continuum functions, they form  
a com plete orthonorm al set for bound functions  
[5 ,6 ] .
W  i s  m in im ized  with re sp ec t  to variation of 
the expansion co eff ic ien ts .  It i s  ver if ied  that the 
approxim ate seco n d -o rd er  energy indeed g iv es  
an im provem ent of the f ir s t -o r d e r  resu lt .  The 
quality of the f ir s t -o r d e r  function i s  checked by 
calculating the expectation value
~  w w
with the functioni// = i//0 + i//U) = A (p0 + Pcpm in- 
The r e su lts  are com pared with the very accurate  
calcu lations on H$ by B ates et al. [7] and Peek [8]
The seco n d -o rd er  energy can a lso  be ca lcu ­
lated in the Unsold approximation [9]
1 \ c p 0 V A V \q > J (cp0 \A V \cp 0)
2
^ ^ a v { 0 A  |^o) (Vo \A |</?0>
w here A £ av i s  an "average excitation e n e r g y ” [10]. 
The ex p ress io n  between square brackets  i s  e v a l ­
uated and com pared with e 2 in order to compute  
AE r v  as a function of the in teratom ic  d istan ce .
C a lc u la t io n s  an d  r e  s u i t s rsj
The calculation of e j ,  e 2 and E  n e c e s s i ta te s  
the computation of two centre one e lec tro n  in ­
te g r a ls ,  € 1 and £2 only requiring  the overlap  and 
1 / r  type and E  m oreover  k inetic  energy  in teg ra ls .  
T h ese  in teg ra ls  w ere  ca lcu lated  on an IBM 7094 
com puter with a program  made availab le  to us  
by Prof. R ichardson and D r. Vaught of Purdue 
U n iversity , Indiana. T h is  program  expands the 
in teg ra ls  in A n and B n in teg ra ls  after a tr a n s fo r ­
mation to e l l ip t ica l  coord in ates . A ssem b lin g  the 
in teg ra ls  as  w ell  as the m in im izing  procedure  
w ere perform ed  on an IMB 1800 com puter.
The calculation  of the Unsold seco n d -o rd er  
energy  in vo lves  in teg ra ls  of the overlap , 1/ r  
and 1 /r^  types. Of the two in teg ra ls  of the latter  
type that occur,
c <pa (D  <Pb W
J --------- ------- dr/if
a l  ’ b l 1
i s  e a s i ly  computed.
Table  3 
E n e rg ie s  in a tom ic units
T ab le  4 
A £ av as  a function of the 
in te ra to m ic  d is tan ce
R
(«0)
lorg--state l<Tu-is ta te
R (a0)
A £ av (a.u.)
e l
iV
e i  + e 2 E - E 0 ^ e x a c t €1 e l + ^2 E - E 0 ^ e x a c t i a g i a u
0.5 1.0787 0.7246 0.8720 0.5 1.36
1.0 0.2116 0.0170 0.0993 0.0482 1.0454 0.9534 0.9390 0.9352 1.0 1.12 6.8
1.5 0.0050 -0.0979 -0.0622 -0.0823 0.5726 0.5518 0.5463 1.5 0.99 6.3
2.0 -0.0538 -0.1091 -0.0950 -0.1027 0.3391 0.3348 0.3334 0.3325 2.0 0.90 7.4
2.5 -0.0648 -0.0959 -0.0910 -0.0938 0.20936 0.20850 0.20818 2.5 0.83 10.1
3.0 -0.0591 -0.0777 -0.0764 -0.0776 0.13244 0.13206 0.13198 0.13191 3.0 0.78 7.0
3.5 -0.0482 -0.0602 -0.0603 -0.0608 0.08505 0.08459 0.08453 3.5 0.73 2.3
4.0 -0.0369 -0.0451 -0.0457 -0.0461 0.05511 0.05454 0.05448 0.05445 4.0 0.69 1.15
5.0 -0.0192 -0.0235 -0.0241 -0.0245 0.02343 0.02284 0.02275 0.02271 5.0 0.61 0.78
6.0 -0.0091 -0.0113 -0.0118 -0.0120 0.00998 0.00950 0.00941 0.00936 6.0 0.57 0.75
7.0 -0.0040 -0.0052 -0.0055 -0.0056 0.00422 0.00386 0.00378 0.00373 7.0 0.54 0.73
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f 4 ^ .J dr
i 2bl
1
i s  e x p r e sse d  after som e coordinate tran sform a­
tions in the functions
00 - /
Ej(x)  = ƒ  d/ , E x(x) = J
- x  x
/ d/ (v> 0),
which are  tabulated [ 1 1 1 -
The r e su lts  are given in tables 1-4 .
T ab les  1 and 2 show, resp ect iv e ly  for the 1 cr 
and lcru sta te , 62 = Wm in E - E Q as a func­
tion of the s iz e  of the variational b as is .  In each  
b a s is  n runs from 2 to >/max  and  ^ from  0 to 
(n -  1) (/ sm a ller  than 6 ). Functions with ni *0  
are excluded for sym m etry  rea so n s .  With >/max
cr
0.1 -
13
CO
O
L_
©
c©
co^ 0.0
u
a
»—©
c
-  0.1  -
the total number of variation functions i s  in d i­
cated between brackets .
It i s  seen  that, indeed, e2 d e c r e a s e s  with 
each en largem ent of the b a s is .  M oreover that, 
gen era lly , E d e c r e a s e s  too, which m eans that 
i +  b ecom es a better approxim ation to the 
exact wave function of the m olecu le .
In table 3, e j ,  £ i  + ?2 and E '  E o are com pared  
with the very accurate r e su lt s  of r e fs .  [7 , 8] .  T his  
com parison is  i l lu stra ted  in fig. 1 .
Table 4 g iv es  A £ av as a function of the in te r ­
atom ic d istance.
C o n c lu s io n s
In the ground sta te , where the f ir s t -o r d e r  
energy i s  a very  poor approxim ation to the exact  
energy in all r e s p e c t s  (equilibrium  d istan ce , d i s ­
sociation  energy , behaviour for large  R ) ,  the 
seco n d -o rd er  energy y ie ld s  a reasonab ly  good  
correction . Inclusion of the f ir s t -o r d e r  function  
g iv es  a considerab le  im provem ent in the e x p e c ­
tation value of II (£'0 + € l equals the expectation  
value of II with only). Both + and Ë  - E 0 
are a lm ost equal to the exact in teraction  energy  
for R 3<70 . For the low est anti-bonding state the 
f ir s t -o r d e r  approxim ation i s  a lready rather good. 
The co rrec t io n s  g iven by the se c o n d -o r d e r  e n e r ­
gy and by the f ir s t -o r d e r  function are  indeed  
sm a ll  and im prove the r e su lt s  even  m ore .
The im portance of the se c o n d -o r d e r  exchange  
energy is  im m ed ia te ly  seen , a s ,  without e x ­
change, the seco n d -o rd er  co rrec t io n  would have 
the sam e magnitude for bonding and anti-bonding  
s ta tes .
Of the average  excitation  energy  in the Unsold  
approxim ation can only be said  that it i s  high for 
in teratom ic  d is ta n ces  in the ch em ica l  binding 
region and d e c r e a s e s  with la rg er  R  to the m agni­
tude of the atom ic ion ization  energy .
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Fig. 1. In teraction e n e rg ie s  6  ^ (--------), 61 + 69 (____ )
E - E 0 ( ..........) and £ Cx a c t  ( ----------) for  the 1 CJR- s ta te  of
II2 and those  for the l a u s ta te  (the cu rv es  coincide) as
a function of in te ra tom ic  d is tance.
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